ABSTRACT
INTRODUCTION
his teaching note addresses a rarely discussed problem in financial pedagogy regarding the computation of portfolio "beta statistics". While there is generally consensus in textbooks and professional literature regarding how to make this computation, there are inconsistencies in what is taught and underlying assumptions that are rarely discussed. This paper highlights those issues and provides a numerical example illustrating how the two different approaches to computing portfolio beta, sometimes viewed as equivalent in textbooks, provide quite different results.
Beta
A beta statistic is widely used in financial analysis to reflect the risk of an investment asset relative to a market benchmark. Finance, accounting, strategic management, and other areas of the business curriculum include beta to rank apparent riskiness in cash flows, to compute cost of capital, and to estimate various risk-adjusted performance statistics. Beta statistics are also popularly used as a constraint when constructing "Investment Policy Statements", providing limits on acceptable beta statistics in investments or by outside managers. For example, Indiana University Foundation (2009) states that its "… equity (and REIT 1 ) managers are expected to maintain a beta (vs. the primary benchmark) of less than 1.20." Similarly, financial planners and wealth managers may compare the beta statistic for a client portfolio to a reported beta for a mutual fund or other investment product to determine if the fund is preferred to the stock portfolio.
METHODOLOGY
A common description of how to compute a portfolio beta is the one provided by Investorwords (2017), a top displayed search engine result, which states: "Calculating your portfolio's beta will give you a measure of its overall market risk. To do so, find the betas for all your stocks. Each beta is then multiplied by the percentage of your total portfolio that stock represents (i.e., a stock with a beta of 1.2 that comprises 10% of your portfolio would have a weighted beta of 1.2 times 10% or 0.12). Add all the weighted betas together to arrive at your portfolio's overall beta."
1 REIT stands for real estate investment trust.
The beta statistic is viewed as linear, so that the portfolio beta is the linear combination of the component asset betas and the weights are corresponding asset weights in the portfolio. What is not stated, but is clearly implied, is that the asset weights are those at the time the linear combination is performed. And, that's the problem. When a portfolio is not actively managed to maintain a fixed percentage in each asset but rather maintains a fixed number of shares for each asset, the portfolio weights will change over time because the market returns of the different assets will not be the same. Most Individual Retirement Account (IRA) and personal accounts and endowment funds holding individual stocks maintain fixed shares, not fixed percentages, of their investments.
The most frequently discussed alternative to find beta statistics is to apply linear regression to the historical values of the portfolio. The regression may be applied to portfolio values with changing holdings or to a "pseudo portfolio" based on historical values of current holdings with current share positions. For example, Alexander (2001) states "An artificial history of portfolios returns is constructed using the current portfolio weights and historic data on each asset. Alternatively, the individual stock betas may be weighted by the proportion of the funds that is invested in stock with return y, denoted wy. Then summation gives the net beta of the portfolio as βY = Σ wyβy. When ordinary least squares is used to estimate the betas the two methods will give the same results."
A digest of several representative textbooks and professional references presenting what is said about computing portfolio beta statistics is presented in Table 1 , showing that most definitions use the weighted average approach, some discuss the regression approach, but both methods are viewed as interchangeable. (2015) by Robert Parrino, David Kidwell, and Thomas Bates p. 229 "…we find that the beta for a portfolio is simply a weighted average of the betas for the individual assets in the portfolio. In other words:
… where -is the proportion of the portfolio value that is invested in asset i, -is the beta of asset i, and n is the number of assets in the portfolio." Market models: A guide to financial data analysis (2001) by Carol Alexander p. 231 "An artificial history of portfolios returns is constructed using the current portfolio weights and historic data on each asset. Alternatively, the individual stock betas may be weighted by the proportion of the funds that is invested in stock with return y, denoted wy. Then summation gives the net beta of the portfolio as βY = Σ wyβy. When ordinary least squares is used to estimate the betas the two methods will give the same results." (Table 1 continued " pp. 267-268 "There are two ways of calculating the beta of a portfolio: (1) at the portfolio level, or (2) at the component security level. At the portfolio level, the beta is simply: Βp = σprpM/σM The standard deviation of the portfolio returns is divided by the standard deviation of the market portfolio to find the amount of uncertainty in the portfolio relative to the market portfolio's uncertainty. This value is then multiplied by the correlation between the portfolio and the market portfolio to determine what portion of the relative uncertainty will not be diversified away when the portfolio is held."
DISCUSSION
The next part of this educational note will make the point that these two methods are not the same, they are not interchangeable; they are based on different assumptions about the underlying portfolio, and are computed differently than the beta used for describing riskiness in mutual funds and other marketed portfolios. 1984 What is the portfolio beta for an equally weighted portfolio of these 30 stocks? Using the approach that says the portfolio beta is a weighted average of asset betas, and since there are equal weights for these stocks, the portfolio beta is just the arithmetic mean of these 30 stocks:
Evaluated at the beginning of 2017, the "textbook portfolio beta" value is found to be 0.9196.
However, suppose that the historical values of the portfolio were used in a linear regression to find the portfolio beta, using the same method taught for finding individual asset beta statistics. While the portfolio is designed to have the number of shares of each stock that would result in equal weighting in 2017, those shares would have changed in value over time so that portfolio weights at different dates would be different even though the total number of shares of each asset was constant. This is easily done by computing the total value of the time series of the individual stock prices weighted by the number of shares for each stock. (The constant shares approach is in contrast to the constant percentage method in which the weighted average of individual stock returns, not market values, is computed.) While 9.3568% and 9.1496% might seem numerically close, even these "small" differences have significant impact on valuation. For example, the present value of a $10 perpetuity (like preferred stock or a console bond) would be $106.87 (= 10/0.093568) with constant weights and $109.29 (= 10/0.091496) with constant shares. A measure of the economic significance of these pricing differences is the "bid-ask spread" for stocks in the marketplace. A recent Vanguard (2017) report stated that the bid-ask spread for its S&P 500 exchange-traded fund (ETF) was approximately 1 basis point (0.01%, also written as 1 bps), with other funds' bid-ask spreads ranging from an average of 5 bps to a high of about 23 bps. Similarly, Securities and Exchange Commission (2016) microstructure analysis refers to stock spreads from about 11 bps on the New York Stock Exchange (NYSE) to as high as 120 bps on the Nasdaq Stock Market for some stocks. These observed spreads highlight that the difference in valuation brought by alternative computational techniques for the beta statistic can be substantially larger than normal differences in valuation observed in the market.
Which is the "correct" method for computing beta? That answer depends on the desired application of the beta statistic. For purposes of portfolio analysis and risk documentation, the time-weighted beta computed by finding the actual portfolio returns over time and relating those to benchmark returns, reflects the riskiness inherent in whatever strategy is pursued to manage the portfolio and is directly comparable to the estimated beta statistics for traded funds and separately managed portfolios.
If a portfolio is to be compared to a constantly reweighted portfolio designed to maintain constant portfolio weights, such as an index fund, then the traditional textbook "constant portfolio weight" (varying shares) approach is computationally similar. An argument can be made for using the traditional method when looking forward, by saying that the past weights in the portfolio are over and the current weighting is what the investor is concerned with now. However, if going forward the portfolio is periodically reweighted according to an algorithm or according to some consistent asset allocation strategy, then the time-weighted (constant share) approach reflecting the actual changes made to the portfolio, if any, could be more predictive of future performance.
As a further teaching point, all of the above differences can be applied to dual beta models in which separate upmarket and down-market beta estimates are computed and symmetric response to benchmarks is not assumed. The topic of dual betas is further developed in Chong, Pfeiffer, and Phillips (2011), Phillips (2011), Chong, Halcoussis, and , ), Chong, Jennings, and Phillips (2013 ), and Chong, Jin, and Phillips (2014 .
CONCLUSION AND TEACHING POINTS
The overall teaching point is that because most privately held portfolios are comprised of fixed shares of investments rather than a fixed percentage of investments, the important beta statistic computed according to popular textbook methodology will only be correct at the time of its computation. Otherwise, differential market performance will cause weights for assets to change, resulting in different weights on higher and lower risk assets, causing discrepancies in the estimate of beta (the estimated overall riskiness of the portfolio relative to a benchmark). This is particularly
